An interesting case of string/black hole transition occurs in two-dimensional non-critical string theory dressed with a compact CFT. In these models the high energy densities of states of perturbative strings and black holes have the same leading behavior when the Hawking temperature of the black hole is equal to the Hagedorn temperature of perturbative strings. We compare the first subleading terms in the black hole and closed string entropies in this setting and argue that the entropy interpolates between these expressions as the energy is varied. We compute the subleading correction to the black hole entropy for a specific simple model. Dec. 6, 2005 
Introduction and Summary
The microscopic origin of black hole entropy is a fundamental question to which string theory provides many clues. For technical reasons, it is often easier to make precise statements about BPS black holes at zero temperature. Their finite-temperature cousins, although harder to study, are nonetheless interesting in their own right. Consider the Schwarzschild black hole in four dimensions, whose Schwarzschild radius is proportional to the mass r ∼ M l 2 p (where l p is the Planck length). When the mass (energy) is very large, the string corrections to classical gravity are negligible, the entropy scales like S ∼ M 2 l 2 p and hence black holes dominate the spectrum. Following [1, 2] , let us consider the value of mass for which the curvature near the horizon becomes order one in string units, M ∼ l s /l 2 p ∼ 1/g 2 s l s . The black hole entropy at this point, S ∼ M l s , is equal to that of perturbative string, up to a numerical factor.
Recently D. Kutasov [3] proposed a way to determine the correspondence point precisely. Suppose we know the Schwarzschild solution within the string theory. Knowing the solution to all orders in α ′ is important precisely because in the vicinity of the correspondence point α ′ corrections to the classical gravity become large near the horizon. The euclidean solution is asymptotically flat and the circumference of the temporal direction asymptotes to the inverse Hawking temperature β. According to [3] , whenever β is equal to the Hagedorn temperature of perturbative strings, the entropies of the black hole and fundamental strings agree.
To test these ideas [3] , one can look at the two-dimensional black hole, which is described in string theory by an exactly solvable CFT. The cleanest example is N = 2 supersymmetric SL(2) k /U (1) with central charge c = 3 + 6/k, which should be dressed with an additional matter CFT to make string theory critical. The black hole has a
Hagedorn density of states (to be reviewed below) with the Hagedorn temperature equal to the Hawking temperature, 1
This should be compared with the Hagedorn temperature of perturbative strings
Hence, for k > 1 the black holes dominate the spectrum, while at the correspondence point k = 1 determined by β = β H , the entropies of black holes and strings are, of course, the same [3] 1 . For k < 1 black hole drops out of the physical spectrum [5] .
In this paper we are mostly concerned with the theory at the correspondence point (k = 1). Consider the background
where IR t stands for the time direction, IR φ is the linear dilaton theory with central charge c = 1+3Q 2 /2, and X is a compact SCFT with central chargeĉ = 3. Here and in the rest of the paper we set α ′ = 1, hence Q 2 = 4/k = 4. In (1.3) S 1 is a boson compactified at the selfdual radius, which is necessary for space-time supersymmetry [6] (for a recent discussion of non-critical superstrings see [7] ). To cap the strong coupling region of the linear dilaton theory we introduce the N = 2 Liouville perturbation in IR φ ×S 1 . Equivalently, we modify the geometry (1.3) to
which asymptotes to (1.3) as φ→∞, and set the string coupling at the tip of the cigar to a small but finite value g s . The high energy density of perturbative string states in the background (1.4) is given by
with β H given by (1.2). The appearance of M 2 in the denominator is due to the fact that the linear dilaton direction has a continuous spectrum of excitations above the gap.
Various derivations of (1.5) are reviewed in Appendix.
One can consider the euclidean black hole in the background (1.4). When the black hole energy is large,
(1.6) the geometry is well described by
This is because the energy of the black hole is related to the coupling at the tip of the thermal cigar, SL(2) k=1 /U (1), as E ∼ exp(−2Φ 0 ), and the effects of the original Liouville wall disappear in the limit (1.6). In other words, the black hole geometry in (1.7) cuts off the linear dilaton direction way before the difference between (1.3) and (1.4) becomes significant. In the next section we review thermodynamics of (1.7), which exhibits Hagedorn density of states
with β given by (1.1) and α being a negative number. In our case k = 1 and hence β = β H .
For energies sufficiently small so that both string self-interaction and non-perturbative effects are negligible, the perturbative closed string states are the correct degrees of freedom, and the density of states is given by (1.5). Once the energy is raised to satisfy (1.6), the black hole picture becomes more appropriate, and the density of states is described by (1.8). Thus it is natural to expect that the entropy interpolates between the expressions (1.5) and (1.8) as the energy is varied. 2 The situation is similar to the higher dimensional case, where the description also interpolates between the perturbative string states and black holes as the energy is increased [2, 9] . The main feature of the two-dimensional case that we consider is that the interpolation only happens in the subleading term, since β in
It is interesting to compare α in (1.8) with −2 which appears in (1.5). In the next Section we consider the simplest case of superstrings in the background (1.7) with X = T 3 .
Hagedorn density of states (1.8) implies that the free energy F of (1.7) is zero at leading order. The first non-vanishing term is
where Z (1) is the one-loop string partition function in the background (1.7). We compute Z (1) and determine the value of α. When the volume of T 3 is large in string units, |α| >> 1.
The minimal value of |α| is achieved when all the compactification radii take the self-dual values. We discuss our results in Section 3. Appendix contains a brief review of various ways of computing and interpreting the string partition function.
String partition function in the black hole background
In this section we compute the string partition function. The discussion will closely follow [10] where analogous computations were performed for Little String Theory, in the regime β H << β. We are interested in the β H = β case, where Z (1) involves a complicated integral. Although one can correctly estimate the behavior of the integrand, the value of the integral can only be obtained numerically. 2 In the BPS case the density of the perturbative states can be matched to that of the black hole beyond the leading order in energy (for a recent discussion see [8] ), due to non-renormalization.
The bosonic matter content of the theory is given by (1.7) with X = T 3 . The energy of the black hole is related to the coupling at the tip of the cigar as E ∼ exp(−2Φ 0 ), with the precise coefficient being unimportant. Far from the tip of the cigar, the SL(2) 1 /U (1)
is described by a product of a thermal circle and a linear dilaton, S 1 β × IR φ . In addition, there are six free fermions; thermal boundary conditions along the S 1 β are implemented in the usual way [11] . The theory enjoys N = 2 worldsheet supersymmetry, which ensures vanishing of the genus zero partition function [10] . This is in accord with Hagedorn density of states (1.8): at leading order the temperature is independent of the energy and βF = βE −S = 0. The one-loop string partition function is in general non-zero, and proportional to the volume of the linear dilaton direction (which, in turn, is proportional to log E). The computation, and the resulting thermodynamic behavior, is similar to the Little String Theory case which has been studied in [10, [12] [13] [14] [15] [16] [17] [18] [19] [20] .
The spacetime supersymmetric one-loop partition function at zero temperature can be found in [21] :
where
and Λ 1 (τ ) is related to its modular transform under τ → − 1/τ , 
where U µ (n, m) are the phase factors which can be found in [11] :
The free energy (1.9) is given by
where the volume of the linear dilaton direction
Using modular invariance of the integrand in (2.9), the sum over n can be restricted to n = 0, and the integration domain changed to −1/2 < τ 1 < 1/2, 0 < τ 2 < ∞. The sum over even m in (2.9) vanishes. Substituting β = 2π in (2.9) and comparing with (1.9) we
To estimate the behavior of the integrand as τ 2 →∞ note that only n = w = 0 terms in (2.5) contribute in this regime. The sum over m in (2.12) . In the case studied in [10] this was the end of story, as β was much larger then β H and hence the integrand was heavily suppressed near τ 2 = 0. It is no longer the case, and the integrand, in fact, behaves like τ
as τ 2 →0. This is in accord with the behavior of the string partition function as β→β H , as explained in Appendix.
One can also see this directly from (2.12). The naive power counting of τ 2 gives
where the first factor comes from the measure, the second from the IR φ × S 1 β , the third from the S × T 3 , and the last from the combinations of θ µ (τ ) and η(τ ). One must be more careful, however, as there is an important exponential
which stays constant along the curves τ 1 = xτ
parameterized by x. Switching to the variables x and τ 2 one earns the Jacobian J = τ 3/2 2 . Multiplying this by (2.13) gives the stated behavior near τ 2 ∼ 0.
All string states contribute to α in (2.12) and no further simplifications occur. Generally the right-hand side of (2.12) is proportional to the compactification volume, therefore at large volume α is bound to be a large negative number. The minimum of |α| is achieved when all the radii take the self-dual values, R i = 1. The integral at this point can be evaluated numerically, giving α = −1.68.
Discussion
In this paper we considered a particular case of spacetime-supersymmetric noncritical strings in the background (1.4) whose perturbative Hagedorn temperature is equal to the Hawking temperature of the black hole which asymptotes to (1.4) at infinity. This required choosing the matter content withĉ = 4 to dress the linear dilaton theory with Q = 2. To cut off the strong coupling region we introduced the N = 2 Liouville wall in the background (1.3) or, equivalently, considered the geometry (1.4) with small but finite coupling g s at the tip of the SL(2)/U (1) cigar. Massive black holes in this background are described by the euclidean geometry (1.7). The subleading correction to the black hole entropy is related to the value of the string one-loop partition function in the background (1.7) 3 .
In the black hole/string transition picture of Refs. Other choices ofĉ = 4 matter may lead to other values of α. In addition to superstrings, we have also considered type 0 and bosonic strings compactified on T 4 and T 18 respectively, where similar black hole/string transitions occur. These cases, however, are pathological due to the presence of tachyon in the spectrum, which has to be removed by hand.
It is interesting that the numerical value of α at the self-dual compactification radii computed in the previous Section (α = −1.68) is not very different from the corresponding quantity for the perturbative strings (α = −2), and therefore even the subleading term in the entropy does not change drastically as the energy is varied.
What happens when k > 1 and the leading terms in the black hole and string entropies no longer agree? As before, we cut off the strong coupling region by introducing a cigar geometry with the string coupling at the tip of the cigar equal to a small but finite value g s . The picture is similar to the k = 1 case discussed above. When M >> 1/g 2 s , the black 3 The perturbative calculation of the black hole entropy is, strictly speaking, only valid for temperatures larger than β
−1
H . Nevertheless, the microcanonical description is well defined for both strings and black hole. Using formal inverse Laplace transform to obtain the value of α might be a point of concern. We have nothing new to say regarding this issue.
holes are good degrees of freedom and the Hagedorn temperature is now smaller than that of perturbative strings. For sufficiently small energies the perturbative strings become the correct degrees of freedom. We expect the entropy to interpolate between the perturbative string and the black hole expressions.
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Appendix A. Comments on one-loop string partition function
Standard arguments [22] imply that the number of closed string states at level n in superstring theory compactified to D spacetime dimensions is (see e.g. [23] ) We are interested in the behavior of (A.2) as β→β H :
The same answer follows from the thermal scalar calculation [2] , where the power of (β − β H ) is determined by a number of dimensions with continuos spectra of excitations.
According to Polchinski [24] (A.2) is equal to the one-loop string partition function in the background (1.3) . This is what we were computing in Section 2, and indeed the behavior (A.3) is consistent with the τ 2 →0 asymptotics of the integrand in (2.12):
The fact that (A.3) vanishes as β→β H means that all states contribute to the free energy giving a constant which has been omitted in (A.3) ; that is why we had to resort to numerical methods to evaluate the integral (2.12).
